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The one loop corrections to the supersymmetric Ward identities (WIs) in the discretized N = 1 SU(2) super-
symmetric Yang-Mills theory can be investigated by means of lattice perturbation theory. The supersymmetry
(SUSY) is explicitly broken by the lattice discretization as well as by the introduction of Wilson fermions. How-
ever, the renormalization of the supercurrent can be carried out in a scheme that restores the nominal continuum
WIs. We present our work in progress which is concerned with the 1-loop renormalization of the local supercurrent,
i.e. with the perturbative computation of the corresponding renormalization constants and mixing coefficients.
1. INTRODUCTION
The non-perturbative properties of SUSY
gauge theories display many interesting features.
For example, they may provide a possible mech-
anism for dynamical SUSY breaking. If one
believes in a fundamental theory of all interac-
tions based on SUSY it is very important to con-
struct realistic models incorporating supersym-
metry. The lattice regularization nowadays pro-
vides the only way to study non-perturbative ef-
fects from first principles. SUSY is broken by the
discretization of space-time itself due to the lack
of lattice generators of the (continuous) Poincare´
group. Another problem is the question of how to
balance bosonic and fermionic modes, the num-
bers of which are constrained by the SUSY: the
naive lattice fermion formulation produces too
many fermions.
The simplest SUSY gauge theory is the N = 1
∗Talk given by Alessandra Feo
SUSY Yang-Mills theory (SYM), which is anal-
ogous to QCD with N2 − 1 gluons and an equal
number of Majorana fermions (gluinos) in the ad-
joint representation of the colour group. In the
Wilson discretization of the SYM theory SUSY
is explicitly broken by the lattice itself and by
the Wilson term, in addition a soft breaking due
to the gluino mass is present. This formulation
was originally proposed by Curci and Veneziano
[1]. SUSY is recovered in the continuum limit
by tuning the bare parameters (gauge coupling
g, gluino mass mg˜) to the supersymmetric point.
The SUSY limit corresponds to mg˜ = 0 and co-
incides with the chiral limit, in which the axial
symmetry is not explicitly broken to any order of
perturbation theory.
In previous publications [2] we have investi-
gated various aspects of the N = 1 SU(2) SYM
theory. Recently, a different approach using do-
main wall fermions has been implemented [3].
The current interests of our collaboration fo-
2cus on the study of the SUSY WIs on the lattice,
either from the numerical point of view (this is
considered in another contribution to this con-
ference [4]) or by perturbatively calculating the
renormalization constants and mixing coefficients
of the local lattice supercurrent.
1.1. SUSY Yang-Mills theory in the con-
tinuum
In the continuum, the action for the N = 1
SYM theory with an SU(Nc) gauge group is
L = −
1
4
F aµν(x)F
a
µν (x) +
1
2
λ
a
(x)γµDµλ
a(x)
+(gauge fixing + ghost fields + auxiliary fields)
where λa is a 4-component Majorana spinor and
satisfies the charge conjugation condition λ
a
=
λaTC. The gluon fields are represented by Aµ =
−igAaµT
a and Fµν = −igF
a
µνT
a. Dµλ
a = ∂µλ
a +
gfabcA
b
µλ
c is the covariant derivative in the ad-
joint representation.
The continuum SUSY transformations read
δAµ(x) = −2gλ¯(x)γµε,
δλ(x) = − i
g
σρτFρτ (x)ε,
δλ¯(x) = i
g
ε¯σρτFρτ (x),
where σρτ =
i
2 [γρ, γτ ], λ = λ
aT a and ε is
a global Grassmann parameter with Majorana
properties. These transformations relate fermions
and bosons, leave the action invariant and com-
mute with the gauge transformations so that the
resulting Noether current Sµ(x) is gauge invari-
ant. For the N = 1 SUSY Yang Mills theory the
supercurrent is a Rarita-Schwinger object
Sµ(x) = −2
i
g
Tr {Fρτ (x)σρτγµλ(x)}.
Classically, the Noether current is conserved,
∂µSµ = 0, provided the fields satisfy the equa-
tions of motion. Furthermore one finds that it
fulfills a spin 3/2 constraint: γµSµ = 0.
On the quantum level the nominal SUSY WIs
are obtained by performing a variation of the
functional integral with respect to a local trans-
formation, ε = ε(x). After putting the sources to
zero we obtain〈
O∂µSµ(x) − 2m0Oχ(x)
〉
+〈
δO
δε(x)
∣∣∣
ε=0
− O δSGF
δε(x)
∣∣∣
ε=0
− O δSFP
δε(x)
∣∣∣
ε=0
〉
= 0,
where χ(x) = 12F
a
µν(x)σµνλ
a(x). O can be an ar-
bitrary operator which is a function of the degrees
of freedom of the theory (i.e. of λ and Aµ). The
second line of this expression corresponds to the
contact terms (CT), the gauge fixing part of the
action (GF) and the Fadeev-Popov term (FP),
respectively. This WIs is also discussed in [5].
1.2. Anomalies
On the classical level the axial current j5µ, the
supercurrent Sµ = −F
a
ρτσρτγµλ
a and the energy-
momentum tensor θµν belong to the same su-
permultiplet [6], therefore they are related by
a SUSY transformation. The dilatation current
is defined by Dˆµ = xνθµν , while the conformal
spinor current reads Kµ = xνγνSµ. On the clas-
sical level the theory under investigation is scale
and chiral invariant. If quantum corrections are
included anomalies for j5µ and Dˆµ emerge. The
first one is the well known chiral anomaly, which,
for a suitable renormalization prescription, reads
< ∂µj
5
µ >= −
β(g)
2g < F
a
µν F˜
a
µν >,
and the second one is the trace anomaly
< ∂µDˆµ >≡< θµµ >=
β(g)
2g < F
a
µνF
a
µν >,
where β(g) is the usual renormalization group β
function [7,8]. Similar equations (but with differ-
ent coefficients) hold for QCD.
Because j5µ, θµν and Sµ belong to a supermul-
tiplet one would expect that
∂µKµ = xνγν∂µSµ + γµSµ 6= 0,
so either ∂µSµ 6= 0 or γµSµ 6= 0.
In the early literature controversial results have
been found. The matrix elements of the supercur-
rent have been calculated to 1-loop order using
different regularization schemes. Some authors
[9] found ∂µSµ 6= 0, while γµSµ = 0. Others [10]
found the divergence of the supercurrent to be
zero but not its gamma-trace. Essentially these
findings amount to either (1) or (2):
∂µSµ = −2i
β(g)
g
∂µTµ and γµSµ = 0 (1)
∂µSµ = 0 and γµSµ = −4
β(g)
g
χ (2)
where Tµ = −F
a
µνγνλ
a. In case (1) Sµ is not con-
served and has spin 3/2, while in case (2) Sµ is
conserved, but has spin 3/2 ⊕ spin 1/2.
1.3. Renormalization and mixing
In a regularization, that breaks SUSY, the bare
WIs reads,
3〈∂µSµ(x)〉 = 2m0 〈χ(x)〉 + 〈XS(x)〉,
where XS(x) is due to the breaking of the sym-
metry. In order to renormalize the WIs, operator
mixing has to be taken into account. XS(x) mixes
with operators of equal or lower dimension. This
includes ∂µTµ, ∂µSµ and χ. With renormaliza-
tion constants chosen appropriately one writes
ZS < ∂µSµ(x) > +ZT < ∂µTµ(x) >=
2mRZχ < χ(x) > + < XS(x) >,
where < XS(x) > is forced to vanish in the con-
tinuum limit and ZS = 1 +O(g
2), ZT = O(g
2).
Defining the renormalized supercurrent as
SRµ = ZSSµ + ZTTµ,
one obtains ∂µS
R
µ = 2mRZχχ.
In the chiral and SUSY limit mR = 0. Then we
have ∂µS
R
µ = 0 and γµS
R
µ = 2iZTχ: this corre-
sponds to case (2). Without taking into account
the mixing (i.e. assuming SRµ = ZSSµ), one gets
∂µS
R
µ = −ZT∂µTµ and γµS
R
µ = 0. Thus, the
renormalization constants and the mixing coeffi-
cients can be fixed by imposing the nominal WIs
to hold after renormalization.
2. LATTICE FORMULATION
Supersymmetric invariances cannot be carried
over to formulations on a discrete space-time
manifold due to the fact that it is not possible
to fully adopt the (continuum) algebra of SUSY
transformations. In [1] Curci and Veneziano have
used the standard Wilson formulation to dis-
cretize the N = 1 SYM theory. The gluonic part
of the action is the standard plaquette action,
while the fermionic part of the action reads
Sf = Tr
{
1
2a
(
λ¯(x)(γµ − r)U
†
µ(x)λ(x + aµˆ)Uµ(x)
− λ¯(x+ aµˆ)(γµ + r)Uµ(x)λ(x)U
†
µ(x)
)
+
(
m0 +
4r
a
)
λ¯(x)λ(x)
}
.
The lattice SUSY transformations can be chosen
as follows (Gρτ is the clover plaquette operator)
δUµ(x) = −agUµ(x)ε¯γµλ(x)
− agε¯γµλ(x+ aµˆ)Uµ(x),
δU †µ(x) = +agε¯γµλ(x)U
†
µ(x)
+ agU †µ(x)ε¯γµλ(x+ aµˆ),
δλ(x) = − i
g
σρτGρτ (x)ε,
δλ¯(x) = i
g
ε¯σρτGρτ (x)
and they reduce to the continuum SUSY trans-
formations in the limit a→ 0.
2.1. SUSY Ward identities on the lattice
On the lattice we may perform the same proce-
dure as in the continuum to derive the SUSYWIs.
Since the action is not fully supersymmetric, how-
ever, an additional breaking term XS appears in
the bare lattice WIs.
Defining a local supercurrent on the lattice as
Sµ(x) = −2
i
g
Tr {Gρτ (x)σρτγµλ(x)},
and taking into account all the contributions to
the action we find for the bare WIs〈
O∆µSµ(x) − 2m0Oχ(x)−OXS(x)
〉
+
〈
δO
δε(x)
∣∣∣
ε=0
− O δSGF
δε(x)
∣∣∣
ε=0
− O δSFP
δε(x)
∣∣∣
ε=0
〉
= 0.
XS is a complicated function of the link and the
fermionic variables and its specific form depends
on the choice of the lattice Noether current (see
for example [12]). In the bare WI as formulated
above ∆µ is to be understood as the symmetric
lattice derivative.
In order to renormalize the WI on the lattice
a possible operator mixing has to be taken into
account. XS mixes with operators of equal or
lower dimension, ∆µSµ, ∆µTµ = −∆µG
a
µνγνλ
a
and χ = 12G
a
µν (x)σµνλ
a(x).
The standard way of renormalizing the super-
current Sµ is to define a finite substracted XS
XS = XS+(ZS−1)∆µSµ+2mχ+ZT∆µTµ,
and to impose that its expectation value fulfills
lima→0 < XS >= 0
[11]. In this way we recover the renormalized WI〈
O∆µS
R
µ (x)
〉
= 2(m0 −m)Z
−1
χ
〈
OχR(x)
〉
+〈
− δO
δε(x)
∣∣∣
ε=0
+ O δSGF
δε(x)
∣∣∣
ε=0
+ O δSFP
δε(x)
∣∣∣
ε=0
〉
.
The CT, GF and FP terms of the action should
also be renormalized. We expect an additive
renormalization due to the operator mixing: this
is related to the mixing with non gauge invari-
ant operators as reported in [12]. The bare WI
is an exact identity between matrix elements. By
4imposing directly that the renormalized WI has
the nominal continuum form [5], the calculation
of < XS > can be avoided and traded for the CT,
GF and FP terms. We have checked that the bare
WI is fulfilled on tree level.
2.2. State of the Art and Outlook
In our calculation we choose O := Abν(y)λ
a
(z).
The required correlations are given by
〈O∆µSµ(x)〉, 〈Oχ(x)〉, corresponding to the dia-
grams in fig. 1, and
〈
O δSGF
δε(x) |ε=0
〉
,
〈
O δSGF
δε(x) |ε=0
〉
and
〈
O δSFP
δε(x) |ε=0
〉
, corresponding to the diagrams
in fig. 2.
The computation of the matrix elements is car-
ried out using the symbolic language of Mathe-
matica. We have calculated the vertices for the
composite operators in fig. 1,2 and nearly fin-
ished the calculation of the contributions to the
WI. They are split into a logarithmically diver-
gent part plus finite parts, the latter have been
integrated by means of numerical routines. We
will present our results in a future publication.
It will be interesting to compare them with the
numerical results [4].
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Figure 1. One loop diagrams which contribute to
the operator vertex correction in the SUSY WI
for the Sµ and χ.
Acknowledgements: We would like to thank
Gabriele Veneziano, Ken Konishi and Giancarlo
Rossi for stimulating discussions.
REFERENCES
1. G. Curci and G. Veneziano, Nucl. Phys. B 292
(1982) 555.
2. R. Kirchner, S. Luckmann, I. Montvay,
K. Spanderen and J. Westphalen, Phys.
Lett. B 446 (1999) 209; I. Campos, A. Feo,
   
   
Figure 2. One loop diagrams which contribute to
the CT, GF and FP terms.
R. Kirchner, S. Luckmann, I. Montvay,
G. Mu¨nster, K. Spanderen and J. West-
phalen, Eur. Phys. J. C 11 (1999) 507.
3. G. Fleming, J. Kogut, P. Vranas, hep-
lat/0008009.
4. F. Farchioni, A. Feo, T. Galla, C. Gebert,
R. Kirchner, I. Montvay, G. Mu¨nster and
A. Vladikas, these proceedings.
5. B. de Wit and D. Freedman, Phys. Rev. D
12 N. 8 (1975) 2286.
6. S. Ferrara and B. Zumino, Nucl. Phys. B
87 (1975) 207;
7. G. Veneziano and S. Yankielowicz, Phys.
Lett. B 113 (1982) 231.
8. D.R. Jones and J.P. Leveille, Nucl. Phys. B
206 (1982) 473.
9. L.F. Abbott, M.T. Grisaru and H.J.Schnitzer,
Phys. Lett. B 71 (1977) 161; Phys. Rev. D 16
(1977) 2995; T. Curtright, Phys. Lett. B
71 (1977) 185; P. Majumdar, E. Poggio and
H. Schnitzer, Phys. Lett. B 93 (1980) 321;
H. Inagaki, Phys. Lett. B 77 (1977) 56.
10. T. Hagiwara, S.Y. Pi, H.S. Tsao, Phys. Lett.
B 94 (1980) 166; Ann. Phys. (N.Y.) 130
(1980) 282; W. Siegel, Phys. Lett. B 84 (1979)
193; H. Nicolai and P.K. Townsend, Phys.
Lett. B 93 (1980) 111.
11. M. Bochicchio, L. Maiani, G. Martinelli,
G. Rossi and M. Testa, Nucl. Phys. B 262
(1985) 331; A. Donini,M. Guagnelli, P. Her-
nandez and A. Vladikas, Nucl. Phys. B 523
(1998) 529.
12. Y. Taniguchi, Chin. J. Phys. 38 (2000) 655.
